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A  FEASIBILITY  CONJECTURE  RELATED  TO  THE  HIRSCH  CONJECTURE 


I»  Introduction 

A  very  Important  unsolved  problem  in  linear  progrtumBlng  today  is 
the  validity  or  nonvalidity  of  the  conjecture  vhlch  foUovs : 

Hirsch  Conjecture:  Let  X  and  i  be  feasible  bases  to  the 
linear  programming  problem 


(1) 


Y^O  ,  X^O 

n  >  Bx  .  b 


and  let  m  be  the  remk  of  this  system.  Then  the  conjecture  is  that 
there  exists  a  sequence  of  m  feasible  pivot  operations  that  trans¬ 
forms  system  (1)  into 


Y^O  ,  X^  0 

IX  .  b‘^> 


That  is  to  say  a  sequence  such  that  each  of  the  a  -  1  intermediate 
bases  is  feasible.  In  order  to  attack  this  problem,  consider  the  fol- 
Icwlng  possibility. 

Suppose  there  exists  a  pair  of  variables  x^  ,  ^k(j) 


if  X.  is  introduced  into  the  basis  in  (1),  y 

J 


drops  out  and,  in 

addition,  every  feasible  solution  must  contain  at  least  one  of  these 

variables  at  a  non-zero  value.  It  foUovs  that  if  x  is  introduced 

J 

into  the  basis,  dropping  introducing  any  further  sequence 

of  variables  not  involving  basis  cannot  drop  x^  . 

This  essentially  reduces  the  problem  of  finding  m  feasible  pivots 


to  one  of  finding  m  •  1  feasible  pivots.  The  same  result  follovs  if 
there  is  a  pair  (2)  vith  these  properties,  since  any 

sequence  of  feasible  pivots  going  from  (2)  to  (1)  is  the  reverse  of  a 
sequence  of  feasible  pivots  going  from  (l)  to  (2). 

A  conjecture  proposed  by  G.  B.  Dantzig,  which  (as  we  have  Just 
noted)  would,  if  true,  imply  the  Hirsch  conjecture  states  that  there 
alwfiys  exists  such  a  pair,  provided  that  the  basis  for  X  is  non¬ 
degenerate.  1^8  latter  conjecture  is  actually  false  in  general  as 
will  be  shown  by  a  counter  exaoiple.  Except  for  this  example,  all  others 
(and  there  were  many)  selected  at  random  satisfied  the  conjecture.  It 
is  felt  that  this  and  other  results  sumnarized  herein  might  lend  Insight 
to  the  problem. 

II.  The  Dantzig  Conjecture 

Each  component  for  the  initial  basic  solution  involving  X  is  taken 
to  be  unity  and  also  each  component  of  Y  in  the  terminal  basic  solution. 
This  can  always  be  done  with  no  loss  of  generality  by  a  change  of  units 
providing  these  basic  solutions  are  (as  assumed)  nondegenerate.  A  mathe¬ 
matical  statement  of  this  conjecture  foUws. 

Dantzig  Conjecture:  Let  B  =  [b  ]  be  a  nonsingular  square  matrix 

^  J 

whose  rows  sum  to  unity,  and  such  that  each  column  that  has  a  positive 
element  has  a  unique  maximal  element.  Consider  the  program 

(5)  Y^O  ,  X^O 

n  +  BX  -  b 

where  b  is  a  column  vector  whose  components  are  all  equal  to  1.  Let 
.1  --1  - 

[b.  ]  -  B  .  For  all  columns  of  B  and  B  that  contain  a  strictly 

J 
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positive  element  define 


k(j)j 


Max  b 


Max  b 


IJ 

-1 

IJ 


Then  there  exists  a  pair  of  variables  x^  ,  or  */(j)  • 

that  the  program  obtained  from  (1)  by  deleting  this  pair  and  their 
corresponding  columns  Is  Infeasible.  Equivalently  each  feasible  set 
of  basic  variables  must  contain  at  least  one  of  this  pair. 

The  reason  for  examining  only  these  columns  that  have  a  positive 
element  Is  that  the  only  variables  corresponding  to  these  columns  can 
be  introduced  Into  the  basis  at  a  finite  value. 

III.  Using  the  Conjecture  to  Prove  the  Hlrsch  Conjecture 

Throughout  this  section  vhen  a  problem  Is  stated  In  the  form 

lY  +  BX  -  b 


It  will  be  understood  that  B  -  [b  ]  Is  a  nonsingular  square  matrix 

^  J 

such  that  the  sum  of  Its  columns  Is  b  ,  a  column  vector  whose  elements 
6u*e  all  0  or  1.  ,  B^™^  •  matrices  containing 


m  rows  emd  having  the  same  meaning  as  1  ,  B  ,  and  b  .  Also  b 


-1 
IJ  ' 


1^(J)  f  i(j)  ^ve  the  same  meanings  as  in  the  statement  of  the  conjecture. 
In  addition  the  problems: 


X  ^  0 
A^X  «  b 


and 
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(5) 


X  ^  0 
AgX  -  b 


are  equivalent  If  ■  A^D  where  D  is  a  diagonal  matrix  whose  diagonal 

th 

elements  are  all  strictly  positive.  This  happens  If  emd  only  If  the  J 

th 

column  of  Is  a  positive  multiple  of  the  J  column  of  A^  for  all 

J  .  It  should  be  noted  that  If  X  solves  (^)  then  X  ■  DX  solves  (U) 
and  therefore  the  set  of  feasible  bases  Is  Identical  for  both  problems. 

It  follows  that  If  the  Hlrsch  Conjecture  holds  for  a  particular  problem 
It  holds  for  any  problem  equivalent  to  It  In  the  above  sense. 

t^hwi^  1  ♦  If  X  and  Y  are  feasible  bases  to  the  problem: 

Y  ^  0  ,  X  ^  0 
lY  +  BX  -  b 


aind  Y  Is  nondegenerate  then  there  Is  an  equivalent  problem  of  the  form: 

Y  ^  0  ,  X  ^  0 
lY  +  BX  -  b  b  *  (1, 


Proof:  Let  Y  =  b  ,  X  ■  0  and  Y  »  0  ,  X  ■  d  be  the  basic  solu¬ 
tions  corresponding  to  the  bases  X  and  Y  respectively.  Multiplying 

th  th 

the  J  column  of  B  by  dj  and  the  J  column  of  I  by  bj  if 

b  0  yields  an  equlvedent  problem  which  has  the  corresponding  basic 
J 

solutions  Y  «  b'  ,  X  ■  0  and  Y  «  0  ,  X  >  d*  where  all  components  of 
b*  are  one  or  zero  and  all  components  of  d'  are  one.  Multiply  the 

J^^  row  by  1/b  ^  0  yields  the  desired  form. 

J 


(PROLLARY  2:  If  In  lenma  1,  all  components  of  b  are  strictly 
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positive,  then  all  elements  of  b  are  equal  to  1. 


Proof;  Since  all  coinponents  of  b  are  positive,  it  follows  that 
the  equivalent  problem  obtained  in  lema  1  has  basic  solution  X  ■  0  , 

Y  ■  b'  where  all  components  of  b'  eure  one.  From  this  it  follows  that 
all  cooiponents  of  b  are  one. 

T^mma  Suppose  in  the  problem  of  rank  m: 

(6)  ^  0  ,  ^  0 

^  g(m)jj{m)  _  ^(m) 


the  Dantzig  conjecture  holds  and  let  all  ccmiponents  of  be  1  , 

k(j)  be  unique  for  all  ^  Mj)  unique  for  all 

^iO)j  ^  ^  number  of  feasible  pivot  operations  required 

(in)  (n) 

to  go  from  the  canonical  form  with  respect  to  Y  to  that  of  X 
is  at  most  one  more  than  the  nuzober  required  to  go  from  the  canonical 
form  with  respect  to  to  that  of  in  a  problem  of  rank 

m  -  1  of  the  form: 


(7) 


>  0 


Proof;  Suppose  there  is  a  pair  Xj  ,  ®'ich  that  >  0 

and  such  that  any  feasible  basis  might  contain  at  least  one  of  these  as 

a  basic  variable.  Introduce  into  the  basis,  driving  f 

let  row  1  be  the  row  in  which  the  coefficient  of  x  is  1  in  the 

J 

resulting  ccmonlcal  form.  It  follows  that  the  introduction  of  emy  se¬ 
quence  of  variables,  which  does  not  include  Y^^j^  t  into  successive 

feasible  bases  cannot  drop  x,  from  any  of  the  bases.  Deleting  row 

J 
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yleldfl  a  problem 


1  and  the  columna  corresponding  to  and 

vhlch  is  equivalent  to  one  of  the  form  (7).  It  foUovs  that  x.  and 

J 

any  sequence  of  feasible  pivot  operations  on  the  above  problem  is  a 
sequence  of  feasible  pivots  to  the  original  problem  and  the  theorem 
holds.  If  there  Is  no  pair  x^  ,  ^k(j)  ^  above  mentioned 

properties,  then  since  ve  assumed  the  Dantzlg  conjecture  to  hold  In 
this  case  there  exists  a  pair  ^ilj)j  ^  ^ 

any  feasible  basis  Includes  at  least  one  of  these  as  a  basic  variable. 


In  this  case  It  follows  that  the  number  of  feasible  pivots  renulred  to 
go  from  the  canonical  form  with  respect  to  to  that  of  Is 
at  iBost  one  more  than  that  required  to  go  from  to  In 
a  problem  of  the  form, 


Y  ^0  , X  ^0 

^m-l)y(m-l)  ^  j(m-l)jj(m-l)  ^  ^(m-l) 
vhlch  establishes  lemma 

COROLIAFY  4:  Suppose  In  a  problem  of  the  form  (6)  all  conditions 
of  lenma  3  except  the  uniqueness  property  of  k(j)  eu:^  met.  ISien  the 
number  of  feasible  pivot  operatj.ons  required  to  go  from  the  canonical 
form  with  respect  to  Y^^*^  to  i;hat  of  X^°^  Is  at  most  one  more  than 
that  required  to  go  from  the  canonical  form  vlth  respect  to  to 

that  of  In  a  problem  of  the  form  (7). 

J®) 

Proof;  Replace  B'  '  by  B(€)  where 

bij(€)  -  b^j  +  J€^  for  J  m 
m-1 

■  b^j  -  ^  for  J  »  m 

kpl 
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For  €  >  C  sufficiently  small, 

(8)  ^  0  ,  X*"’  ^  0 

i{"V")  ♦!'“)(£ )x'")  . 

satisfies  all  the  conditions  of  lenoa  3  and  any  feasible  basis  to  (8) 
is  a  feasible  basis  to  the  original  problem. 

COROLLARY  5:  Suppose  In  a  problem  of  the  form  (6)  all  components 
of  b^™^  eu:e  1.  Then  the  number  of  feasible  pivot  operations  required 
to  go  from  the  canonical  form  with  respect  to  to  that  of 

Is  at  most  one  more  than  the  number  required  to  go  from  the  canonical 
form  with  respect  to  to  that  of  In  a  problem  of  the 

form  (7). 

Proof;  Replace  by  where  [B^“V^(€) 

— (m) 

has  the  same  meaning  as  B'  '(c)  In  the  proof  of  corollary  k.  For 
€  >  0  sufficiently  omall, 

(9)  ^  0  ,  X^“^  ^  0 

satisfies  all  the  conditions  of  corollary  4  and  any  feasible  basis  to 
9  Is  a  feasible  basis  to  the  original  problem. 

COROLIARY  6:  The  number  of  feasible  pivot  operations  required 

(ifl) 

to  go  from  the  canonical  form  with  respect  to  the  basis  Y  to  that 
(m) 

of  X'  '  in  any  problem  of  the  form  (6)  Is  at  most  one  more  than 
the  number  required  to  go  from  the  canonical  form  with  respect  to 
to  that  of  in  a  problem  of  the  form  (7). 

Proof:  Replace  all  zero  componaits  of  b^°^  by  €  to  obtain: 
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(10) 


>  0  ,  ^  0 

l(«V“)  -  b^“^(e) 

For  €  >  0  sufficiently  sosll  and  are  both  feasible, 

nondegenerate  basis  to  (10)  and  any  feasible  basis  to  (10)  Is  a  feasible 
basis  to  the  original  problem.  By  lemma  1  and  corollary  2,  there  exists 
a  program  equivalent  to  (10)  of  the  form  (6)  such  that  all  components 
of  b^"*^  are  1  and  the  conditions  of  corollary  ^  are  satisfied. 

THEORE34  ?:  Let  X  and  Y  be  feasible  bases  to  a  linear  pro- 
grasmlng  problem  of  the  form  (l)  of  rank  m*  and  suppose  the  Dantzlg 
conjecture  holds  for  all  m  ^  m*.  If  the  basis  X  Is  nondegenerate 
then  the  program  may  be  put  Into  the  form  (2)  by  a  sequence  of  m  or 
less  feasible  pivot  operations. 

Proof:  The  theorem  is  trivially  true  for  m  «  1.  For  m  >  1 
the  theorem  foUcws  from  corollary  6  and  induction. 


IV.  A  Counter-Example 

As  was  mentioned  earlier,  the  Dantzlg  Conjecture  Is  actually 
false  In  general.  The  following  tables  shew  a  counter-example,  which 
Incidentally  is  not  a  counter-example  to  the  Hlrsch  Conjecture,  demon¬ 
strating  that  the  two  are  not  equivalent.  The  pairs  (x^  ,  Yj^qj) 

,  y^)  i  (Xg  ,  y^)  ,  (Xj  ,  yg)  ,  (Xj^  ,  yg)  ,  (x^  ,  y^)  ,  (x^  ,  y^) 

and  the  pairs  (x^^jj  ,  Xj)  are  (x^  ,  y^)  ,  (x^^  ,  y^)  ,  (x^^  ,  y^)  , 
(Xj  ,  y^^)  ,  (x^  ,  y^)  ,  (x^  ^  y^)  •  sequence  of  six  successive 

feasible  pivots  required  to  go  from  the  basis  Y  to  the  basis  X  Is 
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Jd 


10 


12 


13 


l^ble  A  basic  rc’ ^tion  with  neither  of  the  pair  of  ariables  (x  ,  )  in  the  basis 


15 


f  -^3:533  .17J29e 
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Table  ku:  A  basic  solution  with  nelth-r  jf  the  pair  jx  variables  (x,  ,  y, )  in  the  basis 
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rable  pa:  The  basic  Sv.lutiun  obtained  after  o:;e  pivot 
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Table  5c :  T^e  basic  si^luti^ns  obtaii:f-d  Lift*  U.ree  pivots 
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